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Abstract
In this paper we show that
|||f (PλUP 1−λ)|||  max {|||f (T )|||, |||U∗ · f (T ) · U + f (0)(I − U∗U)|||} ,
where T ∈ B(H), ||| · ||| is a semi-norm onB(H) which satisfies some conditions, T = UP
(polar decomposition), 0  λ  1 and f is a polynomial. As a consequence of this fact, we
will show that some semi-norms ||| · ||| including the ρ-radii (0 < ρ  2) satisfy the inequality
|||f (PλUP 1−λ)|||  |||f (T )|||. We also give some related results.
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1. Introduction
We denote by B(H) the algebra of all bounded linear operators on a Hilbert
space H. Let T ∈ B(H) and T = UP be a polar decomposition of T . Here P is
positive semi-definite and U is partial isometry satisfying U∗UP = P . P is deter-
mined uniquely by P = |T |, but usually U is not unique for the case of ker(T ) /= {0}
and ker(T ∗) /= {0}. For 0 < λ < 1, we define the λ-Aluthge transformation of T
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by PλUP 1−λ. The λ-Aluthge transformation of T is determined uniquely without
depending on any choice of U . In particular, for λ = 1/2, T˜ := P 1/2U P 1/2 is called
the Aluthge transformation of T (see [1]). Yamazaki [7] proved that the numerical
range W(T˜ ) of the Aluthge transformation T˜ of T satisfies the inclusion
W(T˜ ) ⊂ W(T ), (1)
if T admits a decomposition T = UP for a unitary operator U , and Wu [8] gen-
eralized this result to the general case. The numerical radius w(T ) of T is defined
by
w(T ) = sup{|z| : z ∈ W(T )}. (2)
Eq. (1) shows
w(T˜ )  w(T ). (3)
For ρ > 0, an operator T ∈ B(H) is called a ρ-contraction if there is a Hilbert
space K ⊃H and a unitary operator V on K such that
T n = ρQV n|H (n = 1, 2, . . .). (4)
Here Q is the orthogonal projection fromK toH. A ρ-contraction is firstly consid-
ered by Nagy and Foias¸ [6], and Holbrook defined ρ-radius wρ(T ) of T by
wρ(T ) = inf
{
r > 0 : 1
r
T is a ρ − contraction
}
. (5)
It is known that for 0 < ρ  2, wρ(·) is a norm onB(H) but for 2 < ρ <∞ is only
a quasi-norm. Each ρ-radius has weakly unitary invariance in the sense
wρ(V T V
∗) = wρ(T ) (V : unitary). (6)
Moreover ρ-radii have the properties:
w1(T ) = ‖T ‖,
where ‖ · ‖ is the Hilbert space operator norm and
w2(T ) = w(T )
and
w∞(T ) := lim
ρ→∞wρ(T ) = r(T ),
where r(·) is the spectral radius, that is, r(T ) = max{|λ| : λ ∈ σ(T )}. Here σ(T ) is
the spectrum of T .
For references of ρ-radius see [4,6].
In this paper we treat the semi-norm ||| · ||| onB(H) satisfying the following two
conditions:
∃γ, |||X|||  γ ‖X‖ (X ∈ B(H)) (7)
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and
|||S∗XS|||  ‖S‖2 · |||X||| (X, S ∈ B(H)). (8)
Moreover, sometimes we add the following conditions:
|||Q||| = 1 for any orthogonal projection Q /= 0 (9)
and
XQ= QXQ : orthogonal projeciton
⇒ |||X||| = max {|||XQ|||, |||X(1 −Q)|||} . (10)
If ||| · ||| is equivalent to the operator norm, that is, there is a positive number γ ′
such that
γ ′|||X|||  ‖X‖ (X ∈ B(H)),
or more naturally if
r(X)  |||X||| (X ∈ B(H))
then the condition (9) is satisfied. For 0 < ρ  2, the ρ-radius wρ(·) is an example
of a norm satisfies (7)–(10).
2. Consequences
In this paper we will give the generalization of inequalitiy (3) to the λ-Aluthge
transformation and some weakly unitarily invariant semi-norms. The following in-
equality is the main result in this paper.
Theorem 1. Let T ∈ B(H), T = UP be a polar decomposition and ||| · ||| be a
semi-norm onB(H) which satisfies conditions (7) and (8). Then for 0  λ  1 and
for any polynomial f, we have the inequality
|||f (P λUP 1−λ)|||  max {|||f (T )|||, |||U∗ · f (T ) · U + f (0)(I − U∗U)|||} .
Proof. Denote f (z) = f (0)+ g(z)z. Here g(z) is also a polynomial. We define Pn
(n = 1, 2, . . .) as the following:
Pn =
{
P (P is invertible),
P + 1
n
(P is not invertible).
Then Pn in invertible positive definite and
0  Pλn − Pλ 
1
nλ
(n = 1, 2, . . . ; 0 < λ  1).
Therefore in the sense of uniform convergence we have
f (P λUP 1−λ)= lim
n→∞ f (P
λ
n UP
1−λ
n ),
f (T )= lim
n→∞ f (UPn).
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We consider the following operator-valued analytic function ϕn(z) (n = 1, 2, . . .)
on the strip D = {z ∈ C : −1/2  Re(z)  1/2} in the complex plane C:
ϕn(z) ≡ f (0)+ P (1/2)−zn · g(UPn) · UP (1/2)+zn .
We will estimate the norm of ϕn(z) on the boundary of D. We have
ϕn
(
1
2
+ it
)
=f (0)+ P−itn · g(UPn)UPn · P itn
=P−itn · f (UPn) · P itn
and
ϕn
(
−1
2
+ it
)
=f (0)+ P−itn Pn · g(UPn)U · P itn
=P−itn {f (0)+ Pn · g(UPn)U}P itn .
Since P±itn is unitary, it follows from (8) that
sup
t∈R
|||ϕn
(
1
2
+ it
)
||| |||f (UPn)|||,
sup
t∈R
|||ϕn
(
−1
2
+ it
)
||| |||f (0)+ Pn · g(UPn)U |||.
Therefore the three-line theorem (cf. [3, pp. 136–137]) implies that
|||f (P λn UP 1−λn )|||=|||ϕn
(
1
2
− λ
)
|||
max {|||f (UPn)|||, |||f (0)+ Pn · g(UPn)U |||} .
Taking a limit, we have by (7)
|||f (P λUP 1−λ)|||  max {|||f (T )|||, |||f (0)+ P · g(T )U |||} . (11)
Since U∗UP = P ,
f (0)+ P · g(T )U=U∗{f (0)+ UP · g(T )}U + f (0)(I − U∗U)
=U∗ · f (T ) · U + f (0)(I − U∗U).
Hence we have
|||f (0)+ P · g(T )U ||| = |||U∗ · f (T ) · U + f (0)(I − U∗U)||| (12)
and by (11) and (12) Theorem 1 is proven. 
Corollary 2. Let T , U, P, ||| · |||, f, λ be the same as in Theorem 1 and at least
one of the following conditions be satisfied:
(i) f (0) = 0,
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(ii) dim(ker(T ))  dim(ker(T ∗)),
(iii) ||| · ||| satisfies conditions (9) and (10).
Then we have
|||f (P λUP 1−λ)|||  |||f (T )|||.
Proof. In the case of (i) or (ii), we can easily show that
|||U∗ · f (T ) · U + f (0)(I − U∗U)||| = |||U∗ · f (T ) · U |||  |||f (T )|||.
In the case of (iii) and if U is not an isometry, using the conditions (9) and (10) with
Q = U∗U , we derive
|||U∗ · f (T ) · U + f (0)(I − U∗U)||| = max {|||U∗ · f (T ) · U |||, |f (0)|}
 max {|||f (T )|||, |f (0)|} . (13)
On the other hand, since PU∗U = P , we obtain
f (T )U∗U = (f (0)+ g(T )T )U∗U = f (0)U∗U + g(T )T
and hence
|f (0)| · |||I − U∗U ||| = |||(I − U∗U) · f (T ) · (I − U∗U)|||
 |||f (T )|||. (14)
Therefore combining (13) and (14) we obtain
|||U∗ · f (T ) · U + f (0)(I − U∗U)|||  |||f (T )|||,
and so,
|||f (P λUP 1−λ)|||  |||f (T )|||. 
Corollary 3. Let T , U, P, f, λ be the same as in Theorem 1. Then for 0 < ρ we
have
wρ
(
f (P λUP 1−λ)
)
 wρ (f (T )) . (15)
In particular,
‖f (P λUP 1−λ)‖  ‖f (T )‖ and w
(
f (P λUP 1−λ)
)
 w (f (T )) . (16)
Proof. For 0 < ρ  2, ρ-radius is a norm which satisfies conditions (7)–(10), and
hence we can use Corollary 2(iii) to prove (15). In particular, if ρ = 1 and ρ = 2
then we have (16). We may assume ρ > 2. For X ∈ B(H) and ρ > 1 it is known
(cf. [2]) that a necessary and sufficient condition of wρ(X)  1 is r(X)  1 and∥∥∥∥∥
∞∑
k=1
(ρ − 1)k|z|k−1
ρk
Xk
∥∥∥∥∥  ρ − 1 for |z|  1. (17)
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To prove (15) we need only check that if wρ(f (T ))  1 then wρ
(
f (P λUP 1−λ)
)

1. Let wρ(f (T ))  1. Then by (16)
r
(
f (P λUP 1−λ)
)
= lim
n→∞‖(f (P
λUP 1−λ))n‖1/n
 lim
n→∞‖(f (T ))
n‖1/n = r(f (T ))  1.
Also since∥∥∥∥∥
N∑
k=1
(ρ − 1)k|z|k−1
ρk
(
f (P λUP 1−λ)
)k∥∥∥∥∥ 
∥∥∥∥∥
N∑
k=1
(ρ − 1)k|z|k−1
ρk
(f (T ))k
∥∥∥∥∥
for |z|  1 and for any integer N by (16), taking a limit, we have∥∥∥∥∥
∞∑
k=1
(ρ − 1)k|z|k−1
ρk
(
f (P λUP 1−λ)
)k∥∥∥∥∥
∥∥∥∥∥
∞∑
k=1
(ρ − 1)k|z|k−1
ρk
(f (T ))k
∥∥∥∥∥
 ρ − 1 for |z|  1.
So we can prove wρ(f (P λUP 1−λ))  1. 
Corollary 4 (cf. [5, Corollary 4.3]). Let T , U, P, f, λ be the same as in Theorem 1.
Then we have the following inclusion on the numerical range W(·):
W
(
f (P λUP 1−λ)
) ⊂ W(f (T )).
Proof. In general, it is known that for X ∈ B(H) and each 1  ρ  2,
W(X) =
⋂
µ∈C
{z; |z− µ|  wρ(X − µ)}. (18)
By Corollary 3, we can see that
wρ
(
f (P λUP 1−λ)− µ
)
 wρ(f (T )− µ).
Hence using (18) we have the conclusion. 
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